Abstract. This article discusses the twisted adjoint action Ad
Introduction
Let G be a compact connected semi-simple Lie group, and κ ∈ Aut(G) an element induced by a Dynkin diagram automorphism of G. The κ-twisted adjoint action of G on itself is defined as: Ad κ g : G −→ G, x −→ gxκ(g −1 ), g ∈ G.
Early publications discussing this action are Gantmacher's work on automorphisms of complex groups [12] , and de Siebenthal's study of compact non-connected Lie groups [28] . Since then, twisted conjugation appeared sporadically in the literature, mostly in the context of representations of non-connected groups and of twisted affine Lie algebras [8, 17, 27, 30] . Many results in this direction can be found in Mohrdieck's work on twisted conjugacy classes [23, 24] , in Wendt's study of orbital integrals [31] , as well as in Springer's note [29] . Aside from representation theory, twisted conjugation has found several applications in mathematical physics and gauge theory in the last two decades. One particularly relevant paper is Fuchs, Schellekens and Schweigert's [10] on twining characters, which introduced twisted analogs of the usual characters and recovered an important character formula of Jantzen, in order to solve the so-called "resolution of fixed points" problem in conformal field theory. Later, Mohrdieck and Wendt studied twisted conjugacy classes as D-branes for the Wess-ZuminoWitten model in [25] (see also [6] ), as well as in the context of moduli spaces of principal bundles in [26] . More recently, Hong addressed these questions in [13] [14] [15] , where he constructed an analog of the fusion ring for twining characters and developed a notion of twisted conformal blocks with Kumar. Our interest in twisted conjugation stems from the study of certain symplectic invariants of twisted quasi-Hamiltonian spaces, as discussed in work of Boalch and Yamakawa [3] , Knop [19] and Meinrenken [22] . These are finite-dimensional models for symplectic Banach manifolds endowed with Hamiltonian actions of twisted loop groups, and provide a differential-geometric viewpoint on the topics mentioned in the previous paragraph.
In light of these developments, the purpose of this paper is twofold: First, review twisted conjugation with direct proofs of the main structure results, and second, highlight certain properties of twining characters from this perspective. Some features of our approach are that:
(i) The action Ad κ is studied as an intrinsic action of G on itself, without resorting to the theory of non-connected groups.
(ii) The classification of twisted conjugacy classes is recovered by elementary means, from a differential-geometric perspective. (iii) Twining characters are viewed as functions on the group G, as opposed to formal characters of an affine Kac-Moody algebra. (iv) The level k fusion ring for twining characters is constructed without invoking twisted loop groups or affine Lie algebras. Keeping the notation above, suppose henceforth that G is simply connected and simple. Let T ⊆ G be a maximal torus with fixed-point subgroup T κ ⊆ T , and denote by R = R(G, T ) the root system of G. The upcoming sections are organized as follows. In section 2, we introduce the notations and associate two root systems to the data (G, κ): the folded root system p(R) and the orbit root system R (κ) , both supported in the dual of t κ = Lie(T κ ). We then gather the properties of these root systems that form the basis of sections 3 and 4.
The structure of κ-twisted conjugacy classes in G and their classification is undertaken in section 3. As in the classical theory, there are twisted versions of the Weyl group, of the conjugation map G/T × T → G and of a fundamental alcove parametrizing the orbits of Ad κ . The main results pertaining to these objects in [23, 25, 31] are re-derived after establishing certain key properties of the κ-twisted normalizer N κ G (T κ ) = {g ∈ G | Ad κ g (T κ ) = T κ }. The next section deals with Fuchs, Schellekens and Schweigert's twining charactersχ (κ) : G → C, which are the natural twisted generalization of the usual characters. Indeed, these class functions satisfy orthogonality relations, give a Fourier basis of the space of Ad κ (G)-invariant L 2 -functions, and generate R (κ) (G) and R (κ) k (G), the twisted counterparts to the representation ring and the fusion ring at level k ∈ Z >0 . Most notably, if G (κ) is the orbit Lie group (simply connected with root system R (κ) ), we have that R (κ)
). This is a recent result of Hong [13, 14] that follows from Jantzen's character formula [10, 17, 31] , and that is recovered here with a different set of techniques.
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Diagram Automorphisms and Associated Root Systems
The aim of this section is to set-up the notations used in this work, and to present some reminders on the root systems that one can associate to an indecomposable root system R and a Dynkin diagram automorphism κ ∈ Aut(Π), where Π ⊆ R is a choice of simple roots. For the sake of brevity, we do not give detailed proofs here, and refer the reader to [23, Ch.1].
Notation.
2.1.1. Groups and Lie algebras. Let G be a compact, connected, simply connected and simple Lie group with Lie algebra g. We consider a fixed maximal torus T ⊆ G throughout, with Lie algebra t of dimension r = rk(g), and denote by W = N G (T )/T the Weyl group with respect to this torus. We assume throughout that we have an Ad(G)-invariant non-degenerate symmetric bilinear form B on g, and we use the shorthand notation ξ · ζ = B(ξ, ζ) for ξ, ζ ∈ g.
2.1.2.
Roots and coroots. Below, R ⊆ t * is the root system R(G, T ), R + is a fixed choice of positive roots with cardinality n + = |R + |, Π = {α i } r i=1 designates the simple roots, and ρ = 1 2 α∈R + α is the half-sum of positive roots of G. We use real roots in this work: for ξ ∈ t and t = e ξ ∈ T , we write t α = e 2πi α,ξ ∈ C for the corresponding character. The (closed) fundamental Weyl chamber with respect to R + is t + ⊆ t, and the closed fundamental alcove is:
where θ ∈ R + is the highest root of G. Letting (·, ·) denote the inner product on g * induced by B ∈ S 2 g * , we assume that B is normalized so that for any long root α ∈ R, we have ||α|| 2 = (α, α) = 2. For α ∈ R, the corresponding coroot is α ∨ = 2 ||α|| 2 (α, ·) ∈ t, and the coroots and simple coroots of G are denoted by R ∨ and Π ∨ .
2.1.3. Lattices. We denote by Λ = ker(exp)∩t the integral lattice of G, and by Λ * = Hom Z (Λ, Z) the character lattice of T . The root and coroot lattices are respectively denoted by Q = Z[R] ⊂ t * and Q ∨ = Z[R ∨ ] ⊆ t, while the weight and coweight lattices are denoted by P = Hom Z (Q ∨ , Z) ⊆ t * and P ∨ = Hom Z (Q, Z) ⊆ t. For the other root systems introduced below, we will use the same letters and adequate sub/superscripts to denote the same objects. Since G is simply connected, we sometimes use the identifications Λ = Q ∨ and Λ * = P in the sequel, so that the maximal torus is T = t/Q ∨ , and the alcove is given by A = t/W aff , where W aff = Λ W is the affine Weyl group with Λ acting on t by translations.
Dynkin Diagram Automorphisms.
Considering the automorphism group Aut(G) of G, and its normal subgroup Inn(G) G/Z(G) of inner automorphisms, the group of outer automorphisms of G is defined as the quotient Out(G) = Aut(G)/Inn(G). The latter can be identified with the automorphism group Aut(Π) of the Dynkin diagram of g, as we now briefly indicate. By a diagram automorphism κ ∈ Aut(Π), we mean a bijection:
that preserves the entries of the Cartan matrix associated to R:
Any such automorphism induces a unique element κ ∈ Aut(g C ) acting on the Chevalley generators e ±α ∈ g C associated to simple roots as:
It then follows that κ preserves the real forms g ⊆ g C and t ⊆ t C , and exponentiates to an automorphism of G preserving T . Furthermore, the element κ ∈ Aut(g) preserves the fundamental chamber t + , since it permutes the positive roots R + . Using the identification
descending to an isomorphism with Out(G). For a given κ ∈ Aut(Π), we will also denote the corresponding elements in Out(g) and Out(G) by κ.
To study the κ-twisted conjugation Ad
, it is sufficient to take κ ∈ Aut(G) corresponding to a Dynkin diagram automorphism. To see this, notice that for κ ∈ Aut(G) and Ad a ∈ Inn(G), the right action map R a : G → G, x → xa −1 gives an equivariant diffeomorphism from (Ad a • κ)-twisted conjugacy classes to κ-classes, since for any g ∈ G:
We assume from now onwards that κ ∈ Out(G) is a non-trivial automorphism, and therefore restrict R to the cases compiled in the table below. Table 1 .
Let κ ∈ Out(G) be a fixed diagram automorphism of G, and assume that the inner-product B on g is κ-invariant. The κ-fixed subgroups will be denoted by G κ ⊆ G and T κ ⊆ T , the corresponding Lie algebras by g κ and t κ respectively, and the subgroup of elements of the Weyl group commuting with κ by W κ ⊂ W . The orthogonal projection p : g → g κ is given by
and we use the same letter to denote its restriction t → t κ as well as the projection t * → (t κ ) * . Lastly, we will need certain subgroups of T obtained from κ ∈ Out(G). Considering the Adand κ-invariant inner product B on g, we define t κ := (t κ ) ⊥ with respect to the restriction B |t , as well as the subtorus T κ := exp(t κ ) ⊆ T . The orthogonal decomposition t = t κ ⊕ t κ yields:
The intersection T κ ∩ T κ ⊆ T is a finite subgroup, and will be of particular importance in the remaining of this paper.
2.3. The Folded and the Orbit Root Systems. We are in position to introduce the main constructions of this section:
Definition 2.1. To the data (R, κ), we associate the following two root systems:
• The folded root system, which is the image p(R) under the orthogonal projection
• The orbit root system, given by R
, and E 6 . For the case of R = A 2n with n > 1, we define R O to be the dual of the B n subsystem of R
O is the A 1 system with unique positive root 2(α 1 + α 2 ).
Under our assumptions on R and κ, the definitions above give the table: O follows Fuchs-Schellekens-Schweigert [10] and Hong [13, 14] . This is the root system denoted by R in [23] and by R 1 in [31] , which is obtained by rescaling the elements of R (κ) F . In order to lighten the notation, we drop the (κ) superscripts for the remaining of this subsection, bearing in mind that we are discussing objects associated to a fixed automorphism κ ∈ Out(G). Lemma 2.3. Let (R, κ) be as in table 2, and denote by Π κ ⊂ Π the κ-invariant simple roots.
(i) For R = A 2n , the simple roots of R F are given by Π F = {p(α) | α ∈ Π}, and those of R O by:
(ii) For R = A 2n with n > 1, the simple roots of the B n and C n subsystems of R F are:
and the simple roots of R O are given by:
(i) When R = A 2n−1 , D n+1 and E 6 , a naive identification of the nodes in a κ-orbit of the diagram of R gives the diagram of R F , with simple roots given by Π F = {p(α) | α ∈ Π}, and lengths of the other elements of R F determined by whether or not κ(α) = α. The definition of the orbit root system says that:
which can be re-expressed as:
For the κ-fixed α ∈ R, we have p(α) = α with ||α|| 2 = 2, while for the elements satisfying κ(α) = α, we have that ||p(α)|| 2 = 1 |κ| ||α|| 2 . The set Π O in the statement gives a set of simple roots for R O .
(ii) In the case of R = A 2n with n > 1, we have a partition R = R κ R (d) R (q) , where:
Projecting onto (t κ ) * , the elements of R κ = p(R κ ) have length 2, those of p(R (d) ) have length 1, and those of p(R (q) ) have length
constitutes a B n subsystem with simple roots Π F,Bn . Here, the orbit root system can be described as:
with 2R κ = 4p(R (q) ), and a set of simple roots is given by:
We want to realize R F and R O as the root systems of Lie groups related to G. The next proposition determines the (co)root and (co)weight lattices of these two root systems in terms of those of R (see also [23, Lemmas 1.1, 1.4]), which will yield the root data needed. Before doing so, recall that we introduced the subtorus T κ ⊆ T at the end of 2.1, which gives rise to the finite subgroup T κ ∩ T κ ⊆ T κ . We define the lattice:
We now have the following facts:
Proposition 2.4. With the notations of subsection 2.1, we have that:
(1) If R = A 2n−1 , D n and E 6 , the lattices of R F satisfy the inclusions:
For the orbit root system R O , we have that Λ (κ) = p(Λ), along with the inclusions:
(2) If R = A 2n , let P Bn , Q Bn , P ∨ Bn and Q ∨ Bn denote the lattices associated to the B n subsystem of R F = BC n . Then:
For the orbit root system, we have that Λ (κ) = p(Λ), along with the inclusions:
Outline of proof. Firstly, the simple roots in lemma 2.3 determine all the simple coroots and simple (co)weights involved, which allows to check the statements above explicitly. We illustrate for the case of R = A 2n . Let I = {1, · · · , r} be the indexing set for the simple roots Π = {α i } i∈I , and partition it as:
with I 0 ⊆ I the κ-fixed indices. The κ-orbits in I are then partioned asĪ =Ī 0 Ī 1 (with I j =Ī j , j = 0, 1). Next, let:
} i∈I denote the simple coroots, the fundamental weights and fundamental coweights of R respectively. Using lemma 2.3, one checks that for the folded system R F :
and then use these bases to show that:
and then that:
. In the case of R = A 2n , the verifications are done using the simple roots Π F,Bn of the B n subsystem of R F = BC n (dual to R O ). From the expressions of the simple (co)roots and fundamental (co)weights, we also easily see that:
Remark 2.5. The global idea underlying the computations above is as follows. Given Λ = Q ∨ ⊂ t and Λ * = P ⊂ t * , we roughly have two non-equivalent operations on these groups that yield lattices in t κ and (t κ ) * : we can either intersect with t κ (resp. (t κ ) * ) to get κ-invariants, or project onto t κ (resp. (t κ ) * ) using p, and one operation is dual to the other over Z.
The maximal tori of the compact connected groups associated to R F and R O are given by:
On the one hand, the group T O is the maximal torus of a Lie group of type R O with fundamental group isomorphic to
. This motivates our next definition: Definition 2.6. With G and κ ∈ Out(G) as in the last paragraph, we define the orbit Lie group G (κ) to be the simply connected Lie group with maximal torus
On the other hand, the torus T F = T κ is the maximal torus of the fixed-point subgroup G κ ⊆ G, which is always connected for G simply connected [9, Cor.3.15] . We may state: Proposition 2.7. With the notations of this subsection:
(1) If R = A 2n , then the root system of G κ coincides with the B n subsystem of R F = BC n and π 1 (G κ ) Z 2 . In the remaining cases, the group G κ has root system R F and is simply connected. , and follows from the definition of Langlands duality along with the fact that the identity component ( L G) κ 0 is of the same type as G κ . We close this section with a lemma that will be used for several formulas, including the description of the fundamental alcove for the κ-twisted adjoint action on G (see [13, §2] for a more extensive treatment).
Lemma 2.9.
(a) Let θ denote the highest root of R. The highest root θ (κ),l and the highest short root θ (κ),s of R (κ) are given by:
where θ κ l and θ κ s denote the highest root and the highest short root of R F (resp. of R Bn ) for R = A 2n (resp. R = A 2n ).
(b) The half-sums of positive roots of R and R (κ) are equal:
Proof. Part (a) can be checked using the tables on affine root systems in [4, 7, 18] . To see that ρ is also the half-sum of positive roots of R (κ) , it suffices to write it as the sum of fundamental weights
The forms { i |i = κ(i)} {|κ|p( i )|i = κ(i)} are the fundamental weights of R (κ) used in the proof of proposition 2.4.
Remark 2.10. Note that since ρ ∈ (t κ ) * , there exists a regular element in T κ under the adjoint action Ad. This fact will be used several times in the next section.
Outer Weyl Group and Conjugacy Classes
In this section, we look at the generalizations to twisted conjugation of several results in Weyl's classical theory of compact groups. In the first subsection, we study the substitute to the Weyl group W (κ) . The main result of the second subsection is proposition 3.10, and says that the κ-twisted conjugacy classes in G are parametrized by the fundamental alcove of the orbit group G (κ) .
3.1. The Structure of the Outer Weyl Group. At the end of subsection 2.2, we introduced the group T κ with Lie algebra t κ = (t κ ) ⊥ ⊆ t, along with the finite subgroup T κ ∩ T κ . By introducing the map φ κ : T → T , t → tκ(t −1 ), we can describe the subtori of T associated to κ as:
with a similar description for the Lie algebras t κ and t κ . The map φ κ : T → T will be convenient for the study of the outer Weyl group.
Definition 3.1. The κ-twisted normalizer of T κ in G is defined as:
and we define the outer Weyl group as the quotient
Proof. First, we prove the inclusion
, we see from the formula:
that Ad g (x) ∈ T κ . Next, let x ∈ T κ ⊆ T be regular under Ad, so that its centralizer is Z G (x) = T . Then Ad g (x) ∈ T κ is again regular, with centralizer:
which shows that Ad g (T ) = T , and therefore that g ∈ N G (T ) for any g ∈ N κ G (T κ ). Secondly, we define:
and we claim that
where we used hκ(h −1 ) ∈ T κ on the first line. Consequently, h ∈ N κ G (T κ ) by equation (3.1), and we obtain H ⊆ N κ G (T κ ). The other inclusion follows from N κ G (T ) ⊆ N G (T ) and the fact that Ad κ g (e) ∈ T κ for any g ∈ N κ G (T κ ), which concludes the proof.
The second lemma that we prove will be used for the characterization of W (κ) :
Taking t ∈ T regular, we see that g w κ(g −1 w ) must be an element of T . On the other hand, the fact that T = T κ · T κ implies that g w κ(g −1 w ) = t 0 s −1 κ(s) for some t 0 ∈ T κ and s ∈ T , so that
In the upcoming characterization of W (κ) , we will see the appearance of the finite group (T /T κ ) κ , which is in fact isomorphic to T κ ∩ T κ : Lemma 3.4. Let π : T → T /T κ be the canonical projection. The map:
is an isomorphism.
be the canonical projection. It will be convenient to write ψ as the composition ψ 2 • ψ 1 of two isomorphisms:
On the one hand, we have Ad κ t (x) = φ κ (t)x ∈ T for all x ∈ T κ and t ∈ T , which is used to check that:
The homomorphism π 1 : T → T /T κ , t → tT κ is κ-equivariant, and an element tT κ ∈ T /T κ is found to be κ-invariant iff
2) is then given explicitly by:
On the other hand, the representatives of the group q φ −1
The last lemma that we will need is the following:
Lemma 3.5. One has that:
Proof. We consider the two cases separately:
• For |κ| = 2: Let t = sκ(s −1 ) ∈ T κ ∩ T κ be an arbitrary element, with s ∈ T . For |κ| = 2, the automorphism κ acts as inversion on T κ ∩ T κ :
and it is easily checked that in fact:
Since T κ (S 1 ) dim tκ , we see that there are dim t κ = (dim t − dim t κ ) generators of order 2 for T κ ∩ T κ , and the claim follows.
• For |κ| = 3: In the case of R = D 4 , that T κ ∩ T κ Z 3 can be seen more easily with a concrete description. Letting
the automorphism κ acts as κ(z 1 , z 2 , z 3 , z 4 ) = (z 4 , z 2 , z 1 , z 3 ). Thus:
and there are only 3 possibilities for t ∈ T κ ∩T κ : (e
3 , e Theorem 3.6. The outer Weyl group decomposes as the semi-direct product:
Proof. Here, we use the notation of the proof of lemma 3.4. We show that we have the following split exact sequence:
where:
We prove each claim separately.
•
• Exactness at W κ : That ν : W (κ) −→ W κ is a well-defined homomorphism is easily seen from its definition above, and its surjectivity is a direct consequence of lemma 3.3.
• Splitting: For any x ∈ T κ and gT ∈ W κ , we have:
∈ T , and proceeding as in the proof of lemma 3.3, we find that for any x ∈ T κ , there exists a t ∈ T such that Ad κ gt (x) ∈ T κ . We thus have an inclusion j :
From the above, we obtain W (κ) (T /T κ ) κ W κ , and the theorem follows from the isomorphism in lemma 3.4. , and we present it in terms of the orbit root system R (κ) instead of the folded root system. Lemma 3.7. Define the conjugation map:
. The determinant of the differential dc at the point (t, gT κ ) ∈ T κ × (G/T κ ) is given by:
where ∆ : T κ → C is the function:
Proof. Recall that we have a κ-and Ad-invariant inner product B on g ( §2.1). Fixing (t, gT κ ) ∈ T κ ×(G/T κ ), the connectedness of G implies that Ad κ(g) ∈ SO(g), and in terms of the orthogonal decomposition
where g α denotes the root space for α, a direct computation yields:
The determinant on (t κ ) C depends on |κ|, and we see from an eigenspace decomposition that:
For the remaining factors, we first note that if e α ∈ g α is a root vector for α ∈ R, then κ acts on it as follows (see [11, Eq. (12. 48)] for an explanation):
Secondly, we gather the terms in the product over R by κ-orbits. Suppose for simplicity that R = A 2n with |κ| = 2, and that α ∈ R + . We obtain:
Using the description of R (κ) in the proof of lemma 2.3, we have:
With the appropriate modifications, the same formula is obtained for the cases R = A 2n and R = D 4 with |κ| = 3.
The second lemma needed follows from elementary considerations, and we omit its proof.
Lemma 3.8. For x ∈ G, denote by:
= x the stabilizer under κ-twisted conjugation, and let z κ x = Lie (Z κ G (x)) be its Lie algebra. Then: (1) For x ∈ T κ , the group Z κ G (x) is preserved by κ and contains T κ as a maximal torus.
With respect to the κ-and Ad-invariant metric on G, one has an orthogonal decomposition T x G = z κ x ⊕ T x C, with z κ x = ker(Ad x −1 − κ), and such that in the left trivialization of T G: (1) For any g ∈ G, there exist elements x ∈ T κ and a ∈ G such that g = Ad κ a (x). That is, any element of G is Ad κ -conjugate to an element of the torus T κ . (2) Two elements of T κ are twisted conjugate under an element of G if and only if they are twisted conjugate under an element of N κ G (T κ ). (3) Any κ-twisted conjugacy class in G intersects T κ in an orbit of W (κ) = N κ G (T κ )/T κ . In particular, one has for any x ∈ T κ that:
Proof.
(1) This assertion is proved by establishing the surjectivity of the twisted conjugation map c : T κ × (G/T κ ) −→ G. Let ξ ∈ t κ ∩ t reg be a regular element with respect to usual conjugation, and set x = e ξ ∈ T κ . By lemma 3.7, we have det dc |(x,gT κ ) > 0 for any g ∈ G, meaning that the element Ad κ g (x) ∈ G is a regular value of the conjugation map c, which is orientation preserving at (x, gT κ ) ∈ T κ × (G/T κ ). From the decomposition in theorem 3.6 of W (κ) , we have:
which shows that deg c > 0, and that c :
, and let y = Ad κ a (x) ∈ C ∩ T κ for some a ∈ G. We will modify a by an element z ∈ Z κ G (x), in such a way that az ∈ N κ G (T κ ) with Ad κ az (x) = y, which will prove the claim.
Consider a regular element ξ ∈ t κ with respect to the usual conjugation action. Viewing ξ as an element of T y (T κ ), the differential (Ad
x by lemma 3.8-(2) (as t κ ⊂ z κ x ). Now by lemma 3.8-(1), that T κ is a maximal torus in Z κ G (x) implies that there exists an element z ∈ Z κ G (x) such that Ad κ(z −1 ) (Ad κ(a −1 ) ξ) ∈ t κ . Putting b = az ∈ G, we thus have:
Since ξ, Ad κ(b −1 ) ξ ∈ t are conjugate, the exists some ν ∈ N G (T ) such that Ad (bν) −1 ξ = ξ, meaning that bν ∈ T ⊂ N G (T ) by regularity of ξ. Thus, the first conclusion here is that: b ∈ N G (T ). On the other hand, Ad κ(b −1 ) ξ = Ad b −1 ξ ∈ t κ implies that Ad bκ(b −1 ) ξ = ξ, and by Adregularity of ξ ∈ t κ that κ(b) = bt for some t ∈ T . Proceeding then as in the proof of lemma 3.2, we find κ (Ad b (x)) = Ad b (x) ∈ T and therefore Ad b (x) ∈ T κ . Since y = Ad b (x) · bκ(b −1 ) ∈ T κ , the second conclusion is that:
By lemma 3.2, we established that b ∈ N κ G (T κ ), which finishes the proof. (3) By the first statement, any element g ∈ G lies in a conjugacy class of the form C g = Ad κ (G) · x for some x ∈ T κ . By the second statement, y ∈ C g ∩ T κ if and only if there is an element w ∈ W (κ) such that y = w · x, hence the claim.
The last statement in this proposition gives an identification G/Ad κ (G) T κ /W (κ) . To express this space of orbits as quotient of t κ , it is sufficient to determine the pre-image under exp t κ : t κ → T κ of an intersection Ad κ (G) · e ξ ∩ T κ = W (κ) · e ξ , where ξ ∈ t κ . The map exp t κ is equivariant with respect to the action of W κ = N G κ (T κ )/T κ on T κ and t κ , and using W (κ) (T κ ∩ T κ ) W κ , we have:
Recalling that we introduced Λ (κ) = exp
3, this lattice has a natural action by translations on t κ , so that exp
aff := Λ (κ) W κ , the space of κ-twisted conjugacy classes is then given by:
aff . Using the notation of 2.9, we have an explicit description of t κ /W (κ) aff . Proposition 3.10. There is a unique fundamental domain containing the origin in t κ for the action of W (κ) aff , which is the alcove:
where θ (κ),l ∈ R (κ)+ is the highest root of R (κ) , and Π (κ) ⊂ (t κ ) * are its simple roots.
Example 3.11. We illustrate this alcove in the case G = SU (3) (see Fig. 3 .1). Here R = A 2 , and κ = 1 is the automorphism permuting the simple roots α 1 and α 2 , the dual subtorus (t κ ) * ⊂ t * is the line {λ(α 1 + α 2 )} λ∈R , and R (κ) has only one positive root (θ 2 κ ) l = 2(α 1 + α 2 ). In the standard coordinates on R 2 ≡ t, we have α
, so that the fundamental alcove for twisted conjugation is:
Remark 3.12. The group of affine reflections W (1) The Dynkin diagram of (z κ e ξ , t κ ) is obtained from that of Π (κ) by deleting the vertex α ∈ Π (κ) if α, ξ = 0, and deleting the vertex −θ (κ),l if θ (κ),l , ξ < 1.
(2) If a ⊆ g denotes the subalgebra corresponding to the diagram in (1), then: z κ e ξ = t κ + a. (3) The stabilizer Z κ e ξ ⊂ G is the Lie group with the root system described in (1) and fundamental group π 1 (Z κ e ξ ) = Λ κ /Q ∨ ξ , where Q ∨ ξ is the corresponding coroot lattice. Remark 3.14. The stabilizers
are not isomorphic for ξ ∈ A (κ) . The simplest example is that of ξ = 0, for which:
This also shows that the κ-twisted conjugacy class corresponding to ξ ∈ A (κ) is typically of higher dimension than the orbit Ad(
Twining Characters
For a compact connected Lie group G, let Λ * + = Λ * ∩ t * + be the integral dominant weights, and denote by C ∞ (G) G the ring of smooth Ad-invariant functions on G. The representation ring R(G) can be realized as the subring of C ∞ (G) G generated by the irreducible characters {χ λ } λ∈Λ * + , and as a Z-module, one has:
When G is also simply connected, we can also define the fusion ring at level k ∈ N {0} solely in terms of {χ λ } λ∈Λ * + , by taking :
where under the identification g ≡ g * given by the basic inner product, the level k weights are given by Λ * k = Λ * + ∩ kA, and the fusion ideal is defined as:
with h ∨ = 1 + ρ · θ the dual coxeter number of G. We recall that for G simply connected, R k (G) coincides with the ring of level k projective representations of LG, the loop group associated to
The main objects of this section are the κ-twisted analogues of the rings R(G) and R k (G) for G simply connected and simple, and we start by discussing the analogues of the irreducible characters {χ λ } λ∈Λ * + . 4.1. Construction and First Properties. For a dominant weight λ ∈ Λ * + , let (ρ λ , V λ ) denote the corresponding irreducible highest weight unitary representation, with ρ λ : G → U(V λ ) and normalized highest weight vector v λ ∈ V λ . If (ρ V , V ) is a finite-dimensional unitary representation of G such that its decomposition into irreducibles is of the form
Schur's lemma gives the existence of a unique unitary automorphismκ λ ∈ Aut(V λ ) such that:
By extension, for any κ-admissible representation (ρ V , V ) there is a unique unitary automorphismκ V ∈ Aut(V ) preserving the highest weight vectors of all irreducible components of V and satisfying equation (i) above. In light of these facts, and following the terminology of [10, 13] , we have: V ) is the function G → C given for any g ∈ G by:
Remark 4.2. For V and W κ-admissible, it is easily verified that:
We will use these identities implicitly throughout this section.
Let L 2 (G) be the space of C-valued L 2 -functions on G with respect to the normalized Haar measure dg, and denote by C ∞ (G) the smooth C-valued functions. We use L 2 (Gκ) G and C ∞ (Gκ) G to denote the subspaces of Ad κ -invariant functions on G. As it would be expected, the irreducible twining characters {χ κ λ } λ∈(Λ * + ) κ generalize several properties of the characters {χ λ } λ∈Λ * 
, and let G act on End(V ) via the assignment:
Denote by M (G) the space of complex matrix coefficients on G.
(2) For (ρ V , V ) irreducible, one has the following identity, for all A ∈ End(V ):
(3) For irreducible representations (ρ V , V ) and (ρ W , W ), the matrix coefficients satisfy the following orthogonality relations:
for any a, v ∈ V and b, w ∈ W , and −, − V denoting the Hermitian inner product on V .
The main result of this subsection is the following:
With the notations of this section:
The twining characters {χ κ λ } λ∈(Λ * + ) κ generate a dense subspace of L 2 (Gκ) G , and satisfy the orthogonality relations:
(3) For a second Dynkin diagram automorphism τ ∈ Out(G), one has:
where convolution is given by:
(1) The formula in the statement defines a bounded linear operator Av κ :
That it is an orthogonal projection follows from the fact that it is self-adjoint and coincides with the identity on L 2 (Gκ) G . (2) That the κ-twining characters {χ κ λ } λ∈(Λ * + ) κ are Ad κ -invariant follows from the cyclic property of the trace and the defining identity:
Using lemma 4.3, we have for any x ∈ G that:
This is used for the density of twining characters as follows. Given ϕ ∈ L 2 (Gκ) G , for any ε > 0 there is a function f ∈ M (G) such that ||ϕ − f || L 2 < ε, and such that for a finite subset L ⊆ Λ * + :
where {k λ } λ∈L are integers, and for all
By equation (4.1), we have:
for some constants c λ ∈ C, and our initial function ϕ ∈ L 2 (Gκ) G then satisfies the estimate:
which establishes the density claim. For the orthogonality relations, let {v i } ⊂ V λ and {w i } ⊂ V µ be orthonormal bases, so that:
By lemma 4.3-(3), the above vanishes if µ = λ, and otherwise:
(3) Let λ, µ ∈ (Λ * + ) κ ∩ (Λ * + ) τ and let {v i } ⊂ V λ and {w i } ⊂ V µ be orthonormal bases. If µ = λ, the integral:
vanishes by 4.3-(3). To computeχ κ λ * χ τ λ , we useχ κ λ (x) = tr V λ (xκ λ ) and notice that:
This identity along with lemma 4.3-(3) yield:
The operator (τ λκλ ) ∈ Aut(V λ ) preserves the highest weight vector of V λ and satisfies:
By uniqueness, we must have (τ λκλ ) = (τ κ) λ , and therefore: and α = v λ , − V λ .
4.2.
The Jantzen Character Formula. We now come to a Weyl-type character formula for the χ κ λ , for which we will need an integration formula. If (T κ ) κ−reg and G κ−reg denote the submanifolds of Ad κ -regular elements in T κ and G (elements g with dim Z κ G (g) = dim T κ ), then proposition 3.9 and lemma 3.7 imply that the restriction of the conjugation map c to (T κ ) κ−reg × (G/T κ ) is a covering onto G κ−reg , with group of deck transformations W (κ) . Using Fubini's theorem along with the fact that the connected components of G G κ−reg and T κ (T κ ) κ−reg have measure zero, we obtain [31, Thm.2.5]:
We will also need some observations on the action of the induced automorphismκ λ ∈ Aut(V λ ) on the highest weight irrep V λ , which are easily established using the weight space decomposition:
Lemma 4.6. For λ ∈ (Λ * + ) κ , let P (V λ ) be the set of weights of the representation V λ , and let
(1) The set P (V λ ) ⊂ Λ * is preserved by κ ∈ Out(G), and if u ∈ V λ is a weight vector for µ ∈ P (V λ ), thenκ λ (u) ∈ V λ is a weight vector for κ(µ) ∈ P (V λ ). (2) For t ∈ T κ , one has that:
with m µ = dim(V λ ) µ , and that:
For a weight λ ∈ (Λ * + ) κ , letṼ λ denote the corresponding highest weight irrep of the orbit group G (κ) , and let σ λ : G (κ) → C be the associated irreducible character. Recalling that the half-sum of positive roots of R (κ) coincides with ρ = 1 2 α∈R + α, we consider the functions:
so that by the Weyl character formula, for any ξ ∈ t κ regular:
where exp g (κ) : g (κ) → G (κ) sends t κ to T (κ) = T κ /(T κ ∩ T κ ) (we make this distinction since exp g : g → G is also used below, and sends t κ to T κ ). The next result was first proved by Jantzen in [17] , then recovered in the context of affine algebras in [10, Thm.1] , and in the context of non-connected groups in [31, Thm.2.6].
Proposition 4.7. Jantzen Character Formula Let G be a compact, connected, simply connected and simple Lie group, let κ ∈ Out(G) be a Dynkin diagram automorphism and G (κ) the associated orbit Lie group. For an invariant dominant weight λ ∈ (Λ * + ) κ , one has that:
where π : T κ → T (κ) is the quotient map by the action of T κ ∩ T κ . In particular, for ξ ∈ t κ regular:
Proof. Since χ κ λ is Ad κ -invariant, ( χ κ λ ) |T κ is invariant under the action of T κ ∩ T κ by multiplication. Along with lemma 4.6-(2), we thus have for any t ∈ T κ that:
On the one hand, this shows that P (V λ ) κ is a subset of the weight lattice (Λ * ) κ of G (κ) , and on the other hand, it means that ( χ κ λ ) |T κ = π * (σṼ |T (κ) ), where σṼ :
with finitely many nonzero integers q µ . Since the function ∆(t) = α∈R (κ)+ (1 − t −α ) is the "Weyl denominator" on T (κ) , we have by lemma 4.5 and the orthogonality relations for twining characters that:
We thus haveṼ =Ṽ λ V κ λ , since the equation above shows thatṼ is irreducible, and since λ ∈ (Λ * + ) κ is the highest weight in P (V λ ) κ . This shows that ( χ κ λ ) |T κ = π * σ λ|T (κ) , and for any ξ ∈ t κ regular, we have by the character formula for σ λ that:
which is the second equation of the proposition.
The Jantzen character formula shows that π * :
is an isomorphism, and this is true for smooth class functions in particular. With a little more work, we also have the following version of the Chevalley restriction theorem: Proposition 4.8. Let G be a compact, connected, simply connected and simple Lie group, and κ ∈ Out(G) a Dynkin diagram automorphism. The inclusion ι T κ : T κ → G induces the following isomorphism of algebras:
where C ∞ (Gκ) G is the ring of smooth Ad κ -invariant functions on G with values in C.
Proof. Using a Ad κ (G)-invariant partition of unity on G, the problem is reduced to proving that for any x ∈ G, there exists a Ad
is an isomorphism. To obtain the open subset U x , we construct a slice for the twisted adjoint action following the approach of [22, Prop.2.5], and to lighten the notation, we write Z κ x for the stabilizer of x with Lie algebra z κ x . Let F ⊂ A (κ) be an open face of the fundamental alcove in t κ , and let ξ ∈ F with x = e ξ . Let V ξ ⊂ t κ be an open ball centred at ξ, and letÅ F (κ) be the union of open faces in A (κ) containing F in their closure. We define the following Ad
x -invariant open ball centred at the origin, and such that:
(In the left trivialization of T G, the twisted adjoint action of g ∈ G on ζ ∈ g is given by Ad κ(g) ζ.) By construction, U x ⊂ Z κ x is a slice through x for κ-twisted conjugation, and the map:
gives a Ad κ (G)-equivariant diffeomorphism onto its image, which we denote henceforth by U x .
Recalling that T κ is a maximal torus of Z κ x , we also obtain a W (κ)
By the Chevalley restriction theorem for Lie algebras [2, Thm.7.28], we have an isomorphism
x , and therefore
and the equivariant diffeomorphisms constructed above yield: Definition 4.9. Define the twining representation ringR (κ) (G) to be the subring of C ∞ (Gκ) G generated by the twining characters of finite-dimensional κ-admissible representations of G.
This is the ring of virtual κ-admissible representations of G. As a Z-module, it is spanned by the irreducible twining characters:
The last two results of the previous subsection yield the following fact:
Proposition 4.10. Let G be a compact, connected, simply connected and simple Lie group, κ ∈ Out(G) a diagram automorphism and G (κ) the corresponding orbit Lie group. One then has:R (κ) (G) R (κ) (T κ )
As in the case of the usual representation ring R(G), the twining representation ring is equipped with an involution:
which acts asχ where θ (κ),l ∈ R (κ)+ is the highest root of G (κ) . The restrictionB |t κ ∈ S 2 (t κ ) * coincides with the restriction of the basic inner-product on g (κ) to t κ , which is the only inner-product on t κ such thatB −1 (α,α) = 2 for any long rootα ∈ R (κ) and restricting to a Z-valued bilinear form on Λ (κ) . In particular, the isomorphism:
maps Λ (κ) onto (Λ * ) κ , sinceB |t κ ∈ (Λ * ) κ ⊗ (Λ * ) κ . Fixing a positive integer k ∈ Z >0 , we introduce the following objects:
• The isomorphismB k := kB , with inverse:
• The k-rescaled alcove in (t κ ) * (proposition 3.10):
A * (κ),k :=B k A (κ) .
• The set of κ-invariant level k weights of G: • The shifted action • k of W (κ) aff = Λ (κ) W κ on (t κ ) * , specified by the assignment:
for any λ ∈ (t κ ) * .
Note that the shifted action of W
aff is generated by reflections in the affine hyperplanes:
and that the elements s λ are in bijection with those of
,reg = (Λ * ) κ k + ρ.
An element λ ∈ (Λ * + ) κ has a trivial stabilizer under W α,m . Lastly, using the Jantzen character formula, we have for any λ ∈ λ ∈ (Λ * + ) κ and w ∈ W 
The isomorphismR (κ) (G) R G (κ) induces an isomorphism ofR (κ) (G)-modulesĨ
, with I k G (κ) ⊆ R G (κ) the level k fusion ideal of G (κ) . We thus obtain a complete characterization ofR (κ) k (G) for k ∈ Z >0 : Proposition 4.12. Let G be compact, connected, simply connected and simple, κ ∈ Out(G) a diagram automorphism and G (κ) the corresponding orbit Lie group. The twining fusion ring R (κ) k (G) at level k ∈ Z >0 satisfies the following properties:
(1) It is isomophic to the fusion ring of G (κ) at level k:
(2) Under the canonical projection Φ :R (κ) (G) →R 
